Abstract -This paper presents a novel design of a nonlinear kinetic energy harvester for very low excitation frequencies below 10 Hz. The design is based on a proof mass, rolling in a circular cavity in a Tusi couple configuration. This allows for an unconstrained displacement of the proof mass while maintaining the option of keeping the energy transduction element engaged during the whole cycle and thus reducing the required number of transduction elements. Both the presented model and the fabricated prototype of the device employ electromagnetic induction to harvest energy from low frequency and low magnitude vibrations that are typically associated with human movements. The prototype demonstrated an average power of 5.1 mW from a 1.3 g periodic acceleration waveform at 2.78 Hz. The highest simulated normalized power density reaches up to 230 μW/g 2 /cm 3 , but this depends heavily on the excitation conditions.
Introduction
Powering up mostly small electronic devices by the means of independent power sources based on energy harvesting principle has attracted a growing interest in recent years. Instead of utilizing traditional primary or secondary battery cells, or using wiring to supply power directly from the grid or a central power source, there is considerable interest in the exploitation of otherwise wasted energy present in the ambient environment of the electronic device. Such energy harvesting approaches enable compact and standalone wireless system nodes, reducing the cost and weight associated with wiring, and the maintenance costs of periodic battery replacement.
Depending on the intended application, the available ambient energy sources might include solar, temperature gradient, fluid flow, pressure variations or kinetic energy. As the amount of ambient energy is usually limited and the size of the energy harvester is constrained, harvesters are being developed mainly for low-power power devices, such as wireless sensor nodes for structural health monitoring [1] in aerospace or industrial environments [2] . With the increasing prevalence of smart electronics for everyday use another widely considered application field is wearable sensors, electronic gadgets, and biomedical implants [3] , [4] .
Ambient energy in the environment of the human body is sometimes captured by the use of thermoelectric generators [5] , [6] or photovoltaic panels [7] , the most common approach lies in exploiting the mechanical energy from human activity. Some locations on the human body allow for utilizing direct force excitation and associated deformation [8] . Examples of direct force harvesters include the deformation of shoe soles [9] , the bending of the knee whilst walking [10] and even the deformation of the ear canal when talking or chewing [11] . Some publications also investigate harvesting the energy from the pulsation of arterial vessels or the heart [12] .
Another option is to utilize an inertial oscillation mechanism excited by mechanical displacements during human activity. This is the preferred approach in locations where direct forces cannot be exploited, such as at the forearm or hip [13] .
Inertial harvesting mechanisms are commonly used in energy harvesters for industrial applications where numerous linear and nonlinear structures have been demonstrated [14] , [15] . In the environment of the human body, however, this approach bears considerable additional challenges. For example, the characteristics of the human motion differ significantly between different locations on the body, different types of activity and, for a given location and activity, even between different people [16] , [17] . In addition, both the frequency and magnitude commonly associated with human activities are very low [18] , [19] , and therefore the inertial harvester design becomes quite heavy and bulky in order to satisfy the application power requirements . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 However, with the ever decreasing power consumption and increasing efficiency of power-management circuits in modern wearable and biomedical electronic applications, the size of the energy harvesters to power them up is also shrinking down, with some of the designs being small enough to actually present a feasible power source solution [20] .
Common methods of transducing the kinetic energy of the vibrating inertial proof mass into electricity include piezoelectric effect, electrostatic conversion, electromagnetic induction, and lately also the triboelectric effect. Piezoelectric transducers are the most commonly used mechanism for harvesting human energy [21] - [23] , regardless of their rather high impedance. Electrostatic harvesters [24] , [25] are popular due to their compatibility with MEMS fabrication processes, but their need for a priming voltage drags reduces their practicality. Triboelectric harvesters are gaining popularity in last few years, with potential applications including human power [26] . Electromagnetic transducers are quite common in larger scale industrial applications, but scaling these down in size to make them suitable for human power harvesting presents a technical challenge due to reducing the electromechanical coupling coefficient [27] . Complex energy harvesting approaches, such as nonlinear system design [28] , frequency up-conversion [29] , or parametric resonators [30] are being employed in order to improve the performance of the energy harvesters in certain applications. Various designs of human powered inertial energy harvesters have been demonstrated including linear trajectory oscillation structures (either suspended [31] or free moving with the displacement limited by the use of mechanical bumpers [32] , [33] ), cantilevers with nonlinear frequency response, arrays of independent oscillators or rotational harvesters [34] , frequency up-conversion mechanisms and chaotic motion harvesters [35] .
However, the excitation by human power is considered unpredictable [36] and only a small fraction of all the kinetic energy harvester designs introduced in the last two decades [37] - [39] are capable of working in the excitation frequency range below 10 Hz. In this paper we introduce a novel design of nonlinear energy harvester based on a Tusi couple configuration designed for very low excitation frequency in the range between 2 and 10 Hz.
Novel Mechanism for Energy Harvesting from Low Frequency Vibrations
The downside of most mechanisms suitable for low frequency excitation is that they are either large in size in order to accommodate the high amplitude proof mass displacements, or they employ mechanical limiters, leading to additional mechanical energy losses and physical wear of components. Pendulum harvesters can theoretically have unlimited displacement, as the pendulum can rotate around its pivotal point. Implementing the transduction mechanism in the pendulum structures with large displacements is challenging and they will either employ multiple transduction elements (e.g. pickup coils in electrodynamic harvester) along the path of the proof mass [40] , or increase their total weight by using a proof mass only as a mechanical energy storage element, which is mechanically linked to a separate energy transducing mechanism [41] .
The Tusi couple configuration enables unlimited displacements and can be designed in such a way, that a single transduction element can be used irrespective of the inertial mass position. This allows for reduced cost and complexity of the power management electronics whilst slightly increasing the precision required in the mechanical design compared to most common energy harvesting devices.
The proposed mechanism consists of a cylindrical proof mass placed inside a circular cavity in such a way, that only a rolling motion of the proof mass along the cavity wall is possible. During the motion every point on the diameter of the proof mass travels along hypocycloidal path. This can be described using a Cartesian coordinate system, the origin of which lies in the centre of the circular cavity with radius . The initial position of the proof mass is in the bottom of the cavity. The position of the centre of the rolling mass as a function of the angle between the cavity centre and the proof mass centre (Fig. 1) is then defined by a set of parametric equations:
(1) (2) Constants and are the radiuses of the cavity and the proof mass, respectively. The position of the point on the rolling mass that is initially in contact with the circular cavity and that moves along the hypocycloidal path (blended with the in the figure) can be determined from:
In case of the centre of gravity not being in the geometric centre of the rolling mass , its position during the proof motion mass follows a hypotrochoid, and is given by a set of equations:
Where is the distance of the proof mass centre of gravity from the geometrical centre, and is the initial angle between the vertical and the connector of with . The position of the instantaneous point of contact between the rolling mass and the cavity is found from:
The Tusi couple is a special case of this setup, where the ratio of the cavity radius to the rolling mass radius is 2:1. In this case the hypocycloids created by the points on the outer diameter of the rolling mass blend with the straight lines noting the diameter of the cavity (Fig. 2 
Fig. 2 Comparison of hypocycloidal paths of points on the proof mass for different ratios of cavity to proof mass diameter
Every point on the diameter of the rolling mass travels through the centre of the cavity twice during each revolution cycle. A point of the proof mass currently aligned with the centre of the cavity also has the largest instantaneous velocity in the mechanism, making this location advantageous for velocity damper type energy transduction element placement (Fig. 3 ).
Fig. 3 Tusi couple as spring mass damper system with 1 DoF
Since the movement of the proof mass is constrained in such a way that the rolling motion is ensured, the whole system has only one remaining degree of freedom and can be treated as such. Its dynamics under base excitation is described by the Lagrange's equation of the second kind (9) The generalized coordinate in this case denotes the angular position of the proof mass, which is a function of the angle : (10) Time derivatives of the generalized coordinate q are denoted with dots above the variable. The rolling movement of the proof mass can be understood as a rotation around a variable axis, which passes through the instantaneous point of contact between the proof mass and the frame, perpendicular to the plane of movement. Employing the parallel axis theorem the kinetic energy of such a movement is:
Where denotes the moment of inertia of the proof mass with respect to its centre of gravity, is the weight of the proof mass and is the distance between the instantaneous point of contact and the proof mass centre of gravity. Depending on the mass distribution within the rolling element, the distance between the point of contact and the centre of gravity is generally a function of the instantaneous position :
In the special case where the centre of gravity is aligned with the centre of the rolling mass, the distance is constant: The potential energy of the system depends on the global orientation of the mechanism, as there are no additional spring elements employed. In the intended orientation, where the proof mass moves in the vertical plane, the potential energy depends on the height of its centre of gravity, and can be written as:
(16) The instantaneous height can then be found as: (17) In the special case of the centre of gravity being in the centre of the rolling mass ( ), the equation (17) can be written as (18) The mechanical energy of the energy harvester is being dissipated from the system in a form of unavoidable mechanical losses and as an electric energy, part of which is dissipated on the impedance of the transduction mechanism, and other part is being delivered to the electric load. The dissipation energy of this system is thus found as a function of mechanical damping and electrical damping :
The mechanical damping is affected significantly by the choice of material, and by the manufacturing and assembly precision. These losses are summarized in the mechanical quality factor .
Where is the natural frequency of the mechanism, which can be calculated in the same manner as for a pendulum, assuming small displacements and taking into account the distance between the pivot point and the centre of gravity:
The electrical damping is directly proportional to the squared electromechanical coupling coefficient and indirectly proportional to the total impedance loading :
In case of using the electromagnetic transducer the coupling coefficient is found as (23) Where is total magnetic flux through the coil. The total impedance is a sum of the load impedance and the transducer inner impedance . (24) The inductance of the coreless pickup coil can be neglected, and the assuming the load impedance is resistive, the equation (22) can therefore be written as: (25) The excitation of the system is caused by the input acceleration, creating a torque acting upon the rolling proof mass: (26)   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 Where and are accelerations of the frame in x and y directions, respectively. In this design study, where the centre of gravity is aligned with the centre of the rolling element, the final form of the equation of motion (5) obtained by combining equations (9)-(26) takes the form: (27) This equation is implemented in the simulation model to predict and evaluate the performance of the harvester in different scenarios.
Harvester Design and Modelling
Model based design [42] was employed using CAD and FEM software tools together with the derived analytical model to sketch, evaluate and improve the mechanism in terms of the generated power output. Multiple design iteration cycles resulted in a variant with 12 permanent magnets arranged in two groups of six, one group on each face of the rolling proof mass (Fig. 4) .
Fig. 4 Design of the energy harvester based on Tusi couple
The magnetization direction of each two neighbouring magnets is alternated to maximize the electromechanical coupling coefficient (Fig. 5) . Material properties and magnetic field parameters through the coil volume were analysed in CAD and FEM software and used as design parameters in the simulation model. Analysis of the magnetic field distribution (Fig. 6) , and its rate of change in the proximity of the cavity face for different displacement angles (Fig. 7) illustrates the optimum coil position above the centre of the circular cavity, as close as possible to the magnet surface plane. The magnets used both in simulations and in fabricated prototype are made of neodymium, iron and boron alloy Nd 2 Fe 14 B. The pair of coils is located at the optimum position on either side sides of the cavity above its centre. A realistic magnetic circuit model can then be developed, taking into account the thickness of the coil wire, the coil fill factor and the number of turns used. The magnetic flux through each of the coil turns is calculated separately and summed to give the total magnetic flux through the coil. This approach prevents the magnetic circuit model from overestimating the induced voltage due to incorrectly estimated magnetic flux change ratio.
The calculated total magnetic flux through the designed coil volume dependency on the proof mass position follows a sinusoidal waveform (Fig. 8) . Knowing the magnetic flux change ratio through the volume of space occupied by the coil also allows for future optimization of coil parameters in order to maximize the power output delivered to the electric load. 
Prototype fabrication
A prototype of the harvester (Fig. 9 ) was manufactured using conventional manufacturing methods. The frame of the harvester was manufactured from non-magnetic and electrically non-conductive materials to prevent the induction of eddy currents in the frame and related energy losses. The pair of cylindrical coreless coils was wound manually using insulated copper wire of 50μm diameter. The contact surfaces of the proof mass and the frame were roughened to promote the rolling motion without sliding. The leading slots for the pegs that prevent a free movement of the proof mass inside the cavity are milled into covering lids made of low friction plastic material PE 1000 to minimize mechanical losses in the mechanism. The measured and estimated parameters of the harvester prototype are summarized in Tab. 1. In order to enable reliable manufacture, the initial harvester design was scaled up in size by a factor of 2. 
Parameter

Experimental Analysis
The assembled prototype was tested on a linear drive, oscillating in the horizontal plane with a range of dominant frequencies and magnitudes of acceleration. The linear drive used was not capable of delivering a harmonic excitation acceleration, thus the data presented are obtained from excitation with multiple frequency components. The acceleration data during the measurements were captured using a SlamStick C wireless datalogger containing a three axial accelerometer capable of measuring acceleration frequencies in the range of 0-500 Hz and magnitudes between ±16 g.
The voltage on a 2 kΩ resistive load was recorded for 15 measurements, each with different excitation parameters as shown in 
Tab. 2 Measured and simulated performance comparison
The measured RMS voltage and power on the load exhibit a good agreement with the simulation results obtained by feeding the recorded acceleration to the model (Fig. 10) , considering the manufacturing precision of the prototype and measurement uncertainties. Discrepancy over 10% between the measured and simulated performance was found only in two measurements, which is considered satisfactory. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 A comparison of the time domain waveforms measured and simulated also shows a good agreement between the measurement and the simulation (Fig. 11) . The higher noise present on the simulated voltage waveforms is due to the numerical derivative used to model the change in total magnetic flux through the coil.
Fig. 11 Time domain voltage waveforms simulation and experiment comparison
The power delivered to the resistive load for the different excitation parameters is shown in Fig 12. This indicates a maximum experimentally measured power of 5.2 mW RMS, which is in excellent agreement with the simulated values. 
Harvester performance evaluation
To enable comparison of the Tusi couple configuration harvester with other designs, normalized power density metrics [43] together with maximum power output is used. Considering the presented prototype dimensions 50x50x20 mm and the simulated voltage output on 2 kΩ resistive load, the simulated NPD of the harvester reaches values up to 230 μW/g 2 /cm 3 depending on the frequency of harmonic excitation acceleration and the degree of nonlinear behaviour (Fig. 13) . A comparison with other harvesters working below 10 Hz is shown in Table 3 . This shows the Tusi couple design is outperforming all comparable harvesters with a single exception, which is, however, working at almost twice the frequency .   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63 64 65
Fig. 13 Simulated performance of the harvester prototype under different harmonic excitation conditions
In this case the simulated peak NPD falls with increasing harmonic acceleration magnitude, which is due to the increasing degree of nonlinear behaviour. The NPD is not the optimal performance metric, but as it is at the moment the most widely used metric, it allows for a rough comparison of the different energy harvesters, and information necessary for calculating some other figures of merit [44] - [46] are rarely available.
Reference
Size 
Tab. 3 Comparison of low frequency harvesters performance
Simulated voltage and power output for different resistive loads under a constant acceleration magnitude 0.6g show a rising RMS voltage on the load with increasing resistance (Fig. 14) . In terms of power output, the optimal load [52] for the harmonic excitation was found to be between 2 kΩ and 5 kΩ depending on the harmonic excitation frequency (Fig. 15) . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 65 
Discussion and further research directions
The simulated power outputs demonstrate the significant potential of this harvester design for use in human power energy harvesting and other very low frequency applications. Harvesters based on the Tusi couple could also present a viable alternative to current microgenerators used in wristwatches. The energy transduction method is not limited to electromagnetic induction, a similar device could be designed that uses a piezoelectric transducer that could be excited by a variable magnetic force between a magnet, fixed on the piezoelectric transducer, and the magnets on the moving proof mass. The transducing elements excitation principle would then be quite similar to the magnetically plucked [53] harvesting devices presented in [54] , [55] .
The main challenge of the mechanism presented lies in the precision required during assembly, which is necessary to ensure the rolling motion of the proof mass without sliding or sticking during operation.
Material selection is another crucial point, as the contact surfaces between the frame and the rolling mass need to promote the rolling motion without sliding, while the material of the covering lids with the leading slots should be selected so that lowest possible friction between the proof mass and the lids is achieved. Use of electrically 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 conductive materials for the frame and covering lids structures is not feasible for the presented design due to the eddy currents induction, which would increase the energy losses in the system. However, if the magnetic circuit is reworked so that the magnetic field does extend through the covering lids, the use of metals might be advantageous.
The resulting mechanical damping of the system is affected both by the assembly design and precision, and by the material selection. The future design optimization should include minimizing the mechanical damping, as this will improve the overall harvester performance.
The natural frequency of the device can be changed without changing the main dimensions by changing the weight and its distribution in the proof mass, as this will alter the generalized mass (moment of inertia).
Changing the weight of the proof mass will, however, inevitably alter also the stiffness of the system. Unlike standard devices with mechanic or magnetic springs, the natural frequency cannot be changed by simply adjusting the spring stiffness. Fine tuning of the system is therefore complicated and requires redesign of at least one part to adapt the device for different working frequency range.
An asymmetric configuration of the magnets or proof mass weight distribution could be feasible in some applications. The resulting shift of the proof mass centre of gravity position away from the geometric centre of the proof mass would result in a different excitation torque from the same excitation acceleration, compared to the symmetric version. In that case, however, the motion equation becomes more complicated as it needs to account for the effects connected to the varying distance between the centre of gravity and point of contact between the proof mass and the frame.
Another possible future modification is a design with additional stationary magnets fixed on the frame.
Depending on their number, orientation, and positioning, they would affect one or both of the equilibrium positions and the stiffness characteristics of the device. This approach could be beneficial especially in case where mainly vertical compound of the acceleration is to be harvested and there is no acceleration in the horizontal plane present to excite the harvester from the default equilibrium position, where it is insensitive to the excitation in the vertical direction. This modification, however, puts more practical demands on the contact between the proof mass and the frame cavity, as the magnetic forces might cause the proof mass to slide in order to align the magnetic fields of the stator and the rotor. A solution for this configuration might be in using geared contact but this would have implications on mechanical friction. It is a matter of further study, whether the increased mechanical losses caused by this would be overweighed by an increase in the harvester performance in given application.
Conclusions
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